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ABSTRACT
Stein’s unbiased risk estimate (SURE) has been proven

as a valid criterion for PSF (point spread function) estima-

tion [1], which is essential to blind image deconvolution. In

this paper, we develop a family of risk estimators as the cri-

teria for blur identification. We first provide a direct proof of

the validity of SURE. From this new perspective, we develop

generalized cross validation (GCV) as a novel criterion and

interpret it as a variant of SURE. A key advantage of GCV

over SURE is that it does not depend on noise variance: we

do not need to estimate it in advance.

We also provide a theoretical error analysis for the reg-

ularizer approximation within this SURE-type framework,

by which we show that the error of PSF estimate is upper

bounded by the approximation error. We further introduce a

novel adaptive regularizer, which yields more accurate PSF

estimate than other choices by extensive experimental tests.

Index Terms— PSF estimation, Stein’s unbiased risk es-

timate (SURE), generalized cross validation (GCV), adaptive

regularizer

1. INTRODUCTION

Blind image deconvolution is to recover the original im-

age x ∈ RN from a blurred and noisy measurement [1]:
y =H0x+b; μ =H0x (1)

where H0 ∈ RN×N is a ground truth (unknown) convolution
matrix constructed by PSF h0, the vector b ∈ RN is a zero-
mean additive white Gaussian noise with variance σ2.

In most practical situations, such a problem can be cast

by a separate strategy: PSF estimation is followed by non-

blind deconvolution [1]. Regarding the PSF estimation, we

have shown in [1] that Stein’s unbiased risk estimate (SURE)

is superior to other methods, e.g. APEX [2] and DL1C [3], in

terms of estimation accuracy .

SURE is an unbiased estimate of the expected prediction

error (EPE) under additive Gaussian noise assumption. For

any linear estimate of μ, denoted by μ̂ = Uy, EPE is defined
as [4]:

EPE =
1

N
E

{
‖Uy−μ‖2

}
(2)

The SURE, given by [1]:

SURE =
1

N

∥∥∥Uy−y
∥∥∥2+ 2σ2

N
Tr(U)−σ2 (3)

has the same expectation with EPE. See Theorem 3.1 of [1]

for the proof.
In our previous work [1], we proved that if the matrix U

is an exact smoother filtering [4]:

U =HSHT
(
HSHT +σ2I

)−1 ⇐⇒ U(ω) =
|H(ω)|2

|H(ω)|2 +σ2/S (ω) (4)

the EPE minimization yields exact PSF estimate in magni-

tude: |H(ω)| = |H0(ω)|. Refer to Theorem 2.1 of [1] for the

proof. Here, S = E{xxT}, S (ω) is a power spectral density of
x.

In [1], we used λ‖ω‖2 to approximate the unknown
σ2/S (ω) and finally formulated the PSF estimation as min-
imization of SURE over both H and λ. However, there are
three main drawbacks with the approach presented in [1].

1. The computation of the SURE (3) requires the knowl-
edge of the noise variance, which is, unfortunately, often un-

known in practice.

2. It lacks a theoretical error analysis for the regulariza-
tion approximation (e.g. the regularizer λ‖ω‖2).

3. The regularizer λ‖ω‖2 used in [1] is not adaptive to
various types of images, which deteriorates the accuracy of

PSF estimation.

As a continuation of the work [1], this paper is to address

the foregoing problems. We derive generalized cross valida-

tion (GCV) from the perspective of SURE, and verify it as a

novel criterion for PSF estimation. We also provide a theo-

retical error analysis that directly links the regularization ap-

proximations to the PSF estimation accuracy, based on which,

we further propose a novel adaptive regularizer to improve the

estimation accuracy.

2. GCV— A NOVEL CRITERION FOR PSF
ESTIMATION

2.1. Direct proof of SURE criterion

In [1], we demonstrated the effectiveness of SURE by two

steps: we first proved the validity of EPE minimization (The-



orems 2.1 of [1]), and then, showed the statistical unbiased-

ness of SURE w.r.t. EPE (Theorems 3.1 of [1]). Instead of the

indirect derivations, we now prove the validity of SURE in a

straightforward way, as stated in the following ONE theorem.

Theorem 2.1 If the matrix U is given by (4), the minimiza-
tion of expected SURE (given as (3)) over U yields the exact
frequency magnitude of PSF: |H(ω)| = |H0(ω)|.
Proof From (3), the expected value of SURE is:

E{SURE} = 1

N
E

{
‖Uy−y‖2

}
+
2σ2

N
Tr(U)−σ2

=
1

N
E

{
Tr

(
(U− I)yyT(U− I)T

)}
+
2σ2

N
Tr(U)−σ2

=
1

N
Tr

(
(U− I)E{yyT}︸�︷︷�︸

A

(U− I)T
)
+
2σ2

N
Tr(U)−σ2 (5)

where A = H0SHT0 + σ
2I by simple derivation with S =

E{xxT}. Minimizing expected SURE over U leads to the

minimizer U0 =H0SHT0 (H0SH
T
0
+σ2I)−1.

On the other hand, if we restrict the linear processing to

U =HSHT(HSHT+σ2I)−1, then, we have:

HSHT(HSHT+σ2I)−1 =H0SHT0 (H0SH
T
0 +σ

2I)−1

which yields HSHT = H0SHT0 . In frequency domain, it is
equivalent to |H(ω)| = |H0(ω)|. �

This theorem directly verifies SURE without resorting to

EPE (2). We will see later that GCV can be developed and

verified by slightly modifying the proof above.

2.2. Complementary smoother filtering— a new perspec-
tive of SURE

Note that Eq.(5) can be rewritten as:

E{SURE} = 1

N
Tr

(
MAMT

)
− 2σ

2

N
Tr(M)+σ2 (6)

whereM = I−U. Now, the expected SURE becomes a func-
tional ofM, instead of U. The minimizer of expected SURE
isM0 = σ

2A−T, i.e.,

M0 = σ
2(H0SHT0 +σ

2I)−1 ⇐⇒ M0(ω) =
σ2

|H0(ω)|2S (ω)+σ2
Thus, we obtain the following theorem.

Theorem 2.2 If we restrict the linear processing to

M = σ2(HSHT +σ2I)−1 ⇐⇒ M(ω) =
σ2

|H(ω)|2S (ω)+σ2 , (7)

the minimization of expected SURE (6) overM yields the ex-
act frequency magnitude of PSF: |H(ω)| = |H0(ω)|.

As a counterpart of Theorem 2.1, Theorem 2.2 implies

that the SURE minimization is essentially equivalent to

matching the filtering M(ω) in frequency domain. Recall-
ing the definition of exact smoother filtering by Eq.(4), we

have a connection that M(ω)+U(ω) = 1 for ∀ω orM+U = I.
Hence, we call M(ω) as complementary smoother filtering.

2.3. GCV— a variant of SURE

From the discussions above, we can see that the expected

SURE can be a functional of either U or M. Both interpre-
tations, however, are essentially different, sinceM is linearly

proportional to A−T (as shown in Eq.(7)), whereas U not. We
now relax the expression ofM, assuming that the proportional
factor can be any constant α, not necessarily σ2:

M = αA−T = α(H0SHT0 +σ
2I)−1

It is easy to verify that it is a minimizer of

J = Tr
(
MAMT

)
−2α ·Tr(M)+C

where C is any constant. Here, J can be regarded as a La-
grangian formulation of the following constrained optimiza-

tion problem:

min
M
Tr

(
MAMT

)
s.t. Tr(M) = 1

with the undetermined Lagrangian multiplier 2α.

Here, α can also be understood as a scaling factor, which
can be removed by evaluating the ratio:

min
M

Tr
(
MAMT

)
(
Tr(M)

)2

From (5), we have Tr
(
MAMT

)
= E

{
‖My‖2

}
, thus, the ratio

becomes:

min
M

E

⎧⎪⎪⎪⎨⎪⎪⎪⎩
‖My‖2(
Tr(M)

)2
⎫⎪⎪⎪⎬⎪⎪⎪⎭ (8)

It happens to be generalized cross validation (GCV), except
for a constant factor N, compared to the standard GCV form
[5]. It is easy to obtain the following theorem.

Theorem 2.3 If the equality (7) holds, minimization of ex-
pected GCV (8) overM yields the exact frequency magnitude
of PSF: |H(ω)| = |H0(ω)|.

From the discussions above, we can see that GCV can also

be regarded as a variant of SURE. Both of them belong to the

same family of risk estimators. Compared to SURE (3), a

key advantage of GCV (8) is that it does not depend on noise

variance σ2: we do not need to estimate σ2 in advance.

3. ERROR ANALYSIS FOR THE REGULARIZATION
APPROXIMATION

3.1. Error analysis for PSF estimation

We now treat both SURE and GCV as funcitonals of M.
Note that the exact M(ω) in (7) cannot be used in practice,



since σ2/S (ω) is unknown. It is crucial to find a good regu-
larization term λR(ω) to approximate σ2/S (ω), i.e.,

MH,λ = λ
(
HR−1HT +λI

)−1 ⇐⇒ MH,λ(ω) =
λR(ω)

|H(ω)|2 +λR(ω) (9)

where λ is a regularization parameter.

Proposition 3.1 Considering the minimization of expected
SURE or expected GCV ofMH,λ:

min
H,λ

1

N
Tr

(
MH,λAMT

H,λ

)
− 2σ

2

N
Tr(MH,λ)+σ

2 (10)

or

min
H,λ

E

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∥∥∥MH,λy

∥∥∥2(
Tr(MH,λ)

)2
⎫⎪⎪⎪⎬⎪⎪⎪⎭ (11)

where MH,λ is defined as (9), the estimation error of |H0(ω)|
satisfies the following inequality∣∣∣∣|H(ω)|2− |H0(ω)|2

∣∣∣∣ ≤C ·δω
where δω denotes the approximation error of regularizer:∣∣∣λR(ω)− σ2

S (ω)

∣∣∣ ≤ δω for ∀ω.
Proof Both expected SURE and expected GCV can be refor-
mulated and simplified as:

min
M
Tr

(
MAMT

)
−2α

(
Tr(M)−1

)

which can be expressed in frequency domain:

min
V

∑
ω

(
V(ω)+1

)−2 · (V0(ω)+1)−2 α
σ2

(
V(ω)+1

)−1
︸�����������������������������������������������������������︷︷�����������������������������������������������������������︸

J(V)

where V(ω) = |H(ω)|2 1
λR(ω) and V0(ω) = |H0(ω)|2 S (ω)σ2

. Here,

we consider the minimization of J over V(ω), which is equiv-
alent to over M(ω), since M(ω) = (V(ω)+1)−1.

Taking the differentiation of J w.r.t. V(ω), and setting it
to zero, the optimal V�(ω) should satisfy:

∑
ω

(
V�(ω)+1

)−3 · ( α
σ2
V�(ω)+

α

σ2
−V0(ω)−1

)
= 0

To fix the parameter α, we consider the ideal case where
the exact form λR(ω) = σ2/S (ω) is applied, then, |H�(ω)| =
|H0(ω)| and V�(ω) = V0(ω) by Theorems 2.1 and 2.3. Then
the optimal condition becomes:

∑
ω

(
V0(ω)+1

)−3 · (βV0(ω)+β) = β∑
ω

(
V0(ω)+1

)−2
= 0

where β = α
σ2

−1. Since ∑
ω

(
V0(ω)+1

)−2
> 0, then β = 0, i.e.

α = σ2. Thus, the optimal condition reduces to:

∑
ω

(
V�(ω)+1

)−3 · (V�(ω)−V0(ω)) = 0

It yields that V�(ω) = V0(ω) for ∀ω, from which we obtain:

|H�(ω)|2 = |H0(ω)|2λR(ω)S (ω)
σ2

, ∀ω

Thus,

∣∣∣∣|H�(ω)|2 − |H0(ω)|2
∣∣∣∣ = |H0(ω)|2 S (ω)

σ2

∣∣∣Δω∣∣∣
≤ max

ω

(
|H0(ω)|2 S (ω)

σ2

)
︸��������������������︷︷��������������������︸

C

·max
ω

∣∣∣Δω∣∣∣︸����︷︷����︸
δω

, ∀ω

where Δω = λR(ω)− σ2

S (ω) . �

3.2. Choices of regularizer R(ω) and the comparisons

Proposition 3.1 states that the error of PSF estimation is
upper bounded by the approximation error of regularizer. It

is crucial to choose a good regularizer R(ω), s.t. δω is very
small. In [1], we proposed the following approximation:

MH,λ(ω) =
λ‖ω‖2

|H(ω)|2+λ‖ω‖2 (12)

where R(ω)= ‖ω‖2. However, this approximation cannot cope
with a wide range of natural images, since it may not be a

sufficiently accurate approximate of σ2/S (ω).
To make the regularizer R(ω) more flexible, we now pro-

pose the following adaptive one:

MH,λ,ν(ω) =
λ‖ω‖ν

|H(ω)|2+λ‖ω‖ν (13)

where ν controls the varying speed. We finally formulate the
PSF estimation as the minimization of either SURE (10) or

GCV (11) over H, λ and ν. The flowchart is shown in Fig.1.

tentative
H
λ, ν

computeMH,λ,ν (9)
compute SURE (10)

compute GCV (11)

perform non-blind deconvolution with estimated H(ω)

to be estimated comp. smoother
filtering

minimization of
SURE/GCV

Stage 1: PSF estimation (focus of this work)

Stage 2: deconvolution

Fig. 1. The flowchart of PSF estimation: joint minimization
of SURE/GCV over H, λ and ν, as shown in (10) and (11).

By Proposition 3.1, we expect the proposed adaptive reg-
ularizer (13) to better approximate σ2/S (ω), and thus, obtain
more accurate PSF estimate. See Section 4 for further discus-

sions.



4. EXPERIMENTAL RESULTS AND DISCUSSIONS

4.1. Experimental setting

Now, we exemplify the proposed method (shown in Fig.1)

with typical Gaussian kernel: K · exp
(
− i2+ j2

2s2

)
. we apply the

Gaussian function with true blur size s0 = 2.0 to blur test im-
age Coco (shown in Fig.4), and corrupt it with noise of vari-
ances σ2 = 1, 5, 10 and 50, respectively. Then, we use the
proposed approach to estimate the blur size s.

4.2. SURE/GCV minimization: optimal ν

Taking σ2 = 1 for example, Figs. 2–3 show the estimated
ν and s by SURE/GCV minimization. We also compare it

with the work of [1], where ν is fixed as 2 (i.e., ‖ω‖2).

(1) SURE as a function of ν (2) GCV as a function of ν
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0.11052
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EPE
SURE
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1.72E 005

1.72E 005

1.72E 005

1.72E 005

1.72E 005

1.72E 005

1.72E 005

parameter � of smoother filtering

GCV

estimated ν = 3.40

estimated ν = 3.19

Fig. 2. Optimization of ν by SURE and GCV.

(1) SURE as a function of s (2) GCV as a function of s

1.5 1.6 1.7 1.8 1.9 2.0 2.1 2.2 2.3 2.4 2.5
0.10

0.12

0.14

0.16

0.18

0.20

SU
R
E

blur size of Gaussian kernel

� = 2.0
� = 3.4

1.5 1.6 1.7 1.8 1.9 2.0 2.1 2.2 2.3 2.4 2.5
1.7x10 5

1.7x10 5

1.8x10 5

1.8x10 5

1.8x10 5

1.9x10 5

G
C
V

blur size of Gaussian kernel

� = 2.0
� = 3.2

estimated s = 2.11 for ν = 2.00
estimated s = 1.99 for ν = 3.19

estimated s = 2.11 for ν = 2.00
estimated s = 1.98 for ν = 3.40

Fig. 3. Optimization of s by SURE and GCV.

Table 1 reports the comparisons between the work of [1]

and our proposed approaches. We can see that the proposed

adaptive regularizer yields more accurate estimate. Fig.4

shows a visual example, where we use our developed SURE-

LET algorithm [6] to perform non-blind deconvolution.

Table 1. The estimated blur size s for Coco
σ2 1 5 10 50

work of [1] 2.11 2.10 2.12 2.17

proposed SURE (10) 1.98 2.03 2.03 2.06

proposed GCV (11) 1.99 2.02 2.03 2.05

observed Coco exactly restored blindly restored
PSNR=28.91dB PSNR=34.60dB PSNR=34.58dB

Fig. 4. Restoration of Coco: true s0 = 2.0, estimated s = 2.02.

4.3. Application to real image

Finally, we apply the proposed method to real image Fruit
captured by digital camera, shown in Fig.5. We assume the

out-of-focus blur as Gaussian function. It can be easily seen

from Fig.5 that our proposed approach achieves significant

improvement of visual quality.

captured Fruit restored image

Fig. 5. Restoration of Fruit: the estimated blur size of Gaus-
sian kernel is s = 2.81 by the proposed SURE/GCV method.

5. CONCLUSIONS

Proceeding with our previous work, this paper directly

proved the validity of SURE as a criterion for PSF estima-

tion, without referring to the true prediction error. We devel-

oped and verified GCV as a novel criterion, which avoids to

estimate noise variance in advance.

We also provided an error analysis to directly link the reg-

ularization approximation to PSF estimation accuracy, which

highlights the significance of selection of regularizer. In par-

ticular, we proposed an adaptive regularizer, to obtain more

accurate estimate of PSF.
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