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Abstract

Recently, total variation regularization has become a standard technique, and even a basic tool for image denoising and
deconvolution. Generally, the recovery quality strongly depends on the regularization parameter. In this work, we develop a
recursive evaluation of Stein’s unbiased risk estimate (SURE) for the parameter selection, based on specific reconstruction
algorithms. It enables us to monitor the evolution of mean squared error (MSE) during the iterations. In particular, to deal
with large-scale data, we propose a Monte Carlo simulation for the practical computation of SURE, which is free of any
explicit matrix operation. Experimental results show that the proposed recursive SURE could lead to highly accurate estimate

of regularization parameter and nearly optimal restoration performance in terms of MSE.

Keywords Total variation - Denoising - Deconvolution - Stein’s unbiased risk estimate (SURE) - Jacobian recursion

1 Introduction

Problem statement—Consider the standard image recovery
problem: find a good estimate of original image x) € RV
from the following degradation model [15,20,22]:

y =Hxg + € (1)

where y € RY is the observed image, H € RN*N denotes
the observation matrix, which represents either identity for
denoising or convolution for deconvolution, and € € RY isan
additive white Gaussian noise with known variance o2 > 0.
Since the seminal work of ROF [12], total variation (TV)
regularization has become a standard technique [17,19]:

%, = arg min l||Hx —y[3 42TV )
x 2

L(x)

Here, A is a regularization parameter, which is essential for
the recovery quality of X;.. The isotropic TV term is defined
as [9]:
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where D and D, denote the horizontal and vertical first-order
differences, respectively. The parameter « = 0 corresponds
to the standard TV definition. We use the smooth approx-
imation with small @« > 0, since it simplifies numerical
computations due to the differentiability [9].

TV is particularly effective for recovering those signals
with piecewise constant region while preserving edges [12].
Recently, people extended the basic TV-norm to more gen-
eral form of ¢(||Dx]|2) that models a priori of the first-order
gradients of an image [13]. Here, ¢ is a potential, possibly
non-convex, function. It is reduced to the standard TV-norm
when ¢(t) = ¢. In this work, we focus on the TV mini-
mization and attempt to find a proper value of A for a good
restoration quality. This work may help to gain some insights
into more complicated function of ¢.

Related works—There have been a number of criteria for this
selection of A, for example:

— Generalized cross-validation [5]: It is often used for linear
estimates, not applicable for the nonlinear reconstruction
considered here.

— L-curve method [7]: This procedure is not fully auto-
mated and often requires hand tuning or selection.
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— Discrepancy principle [8]: This criterion is easy to com-
pute and however may cause a loss of restoration quality.!

In this paper, we quantify the restoration performance by
the mean squared error (MSE) [1,22]:

L e
MSE = NE{ % - xo]3) )

and attempt to select a value of A, such that the corresponding
solution X;, achieves minimum MSE.

Notice that the MSE is inaccessible due to the unknown
Xo. In practice, Stein’s unbiased risk estimate (SURE) has
been proposed as a statistical substitute for MSE [1,16]:

SURE = %(Hg I3 = 2 HTTR, + 202 T (H T, ®)) )
1 2
+ ol ®)

since it depends on the observed datay only.? Trin (5) denotes
the matrix trace. Here, Jy (X;) € RV*N is a Jacobian matrix
defined as [21,23]:

- 3(X)m
[Jy(xk)]m,n = 8;,,

The statistical unbiasedness of SURE w.r.t. true MSE has
been proved in [22]. Recently, SURE has become a popular
criterion for parameter selection, in the context of nonlinear
denoising/deconvolution [1,22], and ¢;-based sparse recov-
ery [18,23]. However, to our best knowledge, there are very
few researches on the application of SURE to TV-based
reconstruction, which is the purpose of this paper.

Our contributions—Our main contributions are twofold.
First, we develop a recursive evaluation of SURE during the
reconstruction iterations, which finally provides a reliable
estimate of the MSE for the TV-based recovery. Second, the
Monte Carlo (MC) simulation is used to facilitate the SURE
computation for large-scale data, without explicit matrix
operation.

Additional remarks—Throughout this paper, we use bold-
face lowercase letters, e.g. x € R to denote N-dimensional
real vectors, where N is typically the number of pixels in an
image. The matrices are denoted by boldface uppercase let-
ters, e.g. A € RY*N_ AT ¢ RVXM denotes the transpose of
matrix A. The superscripts (i) and (j) denote the iterative
indices of outer or inner loops. The notation diag(v) trans-
forms the vector v to the diagonal matrix V with V,, , = v,,.

1 See Sect. 4 for the complete comparisons between discrepancy prin-
ciple and the proposed SURE.

2 Note that the last constant term—||xo H% / N—is irrelevant to the opti-
mization of Xj,.
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2 Recursive evaluation of SURE for TV
denoising

Now, we consider image denoising problem, i.e. H = I'in
(2). To perform the SURE-based selection of A, we need to
compute the solution X;, and its SURE.

2.1 Basic scheme of Chambolle’s algorithm [2]

Many algorithms can be used to find the TV solutionX;, e.g.
[3,4,6,11,14]. Here, we apply a dual-based iterative projec-
tion algorithm—Chambolle’s algorithm—to solve (2), since
it is one of the most popular TV minimization solvers and
has been extensively used in the recent decade. The original
form of the Chambolle’s iteration was described in [2]. Now,
we rewrite the algorithm in matrix language:

w(®

u ) =y [a® - %D (y + »DTu®) ©6)
—

x(

where 7 is a step size and the gradient operator D is D =
(DT, DINT € R>¥*N [D; and D, are the same as in (3)].
The vector u'? € R2¥ lives in D-domain of an image, which
can be transformed back to the image domain by DTu. The

diagonal matrix V(l) is:

<(0) V@D o INX2N
A% =|: 0 V<l) ceR x

where the diagonal block V(' € RV*¥ is given by:

-1
Vi) = (14 5/ @)+ (@, )

2.2 Recursive evaluation of SURE

The next question is how to compute the SURE of the TV-
denoised image X;? We propose to compute the SURE of
x® during each iteration until final convergence. The similar
treatment has been used in [18,21,23] for £;-based sparse
deconvolution.

The SURE for the ith update is (noting H = I for denois-
ing problem):

2
SURE = %Hx(” - y||§ + 2%Tr (Jy(x(i))) —o? (7)

The Jacobian matrix Jy(x(i)) can be evaluated by the basic
calculus as follows.
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First, we split (6) into two parts—vertical and horizontal Noting that x() = y+ 2DTu in (6), we have:
differences:
Jyx@) =1+ DTy, ( (’)) +D1J, ( (”) an

——
ul+D v wi)

W] Ve o 7 w?
W [T L0 VO |0
S—— N —’

From (6), the Jacobian matrix of uiiH) is

ALY 5 Aw)
(i+1) G m,m (i) 1 Jm
[Jy(ll ):|m,n o (wl )m 0 + Vm,m y

Leta = D;x® and b = D>x®, we have:

Vilm _ OVam an  8Viln 3bm
oy, ody, Oy oby, Ay,
T an(VO.DE day
O Ja L ta 0
€
b (Viw)> b
it o

€V m

T ; . . .
= ey ) - Doy )]

m,n

Thus, we obtain:
Iy (uf ) = =W (¢'Dy + €D, )y x¥)
+VO 1y (w) ®)
where diagonal mgtrix WY) = diag(wgi)).
Similarly, Jy(u ™) is given by:

3 <u§i+l)) _

T . ) 4
_Xwg) (CY)DI + C(zl)Dz) Jy(x(l))

+VOg, (wg)) ©)
By the ba51c property 0f Jacobian matrix [23], we further

have Jy(wb )y = Jy(uy 0y IDJy(xD) for s = 1,2. Sub-
stituting Jy (w®) into Jy (u(’)) yields (after rearrangements):

i+1)

4 Jy (u1 ) v o g
J (u(l+1)) — — |: i ]J (u(l)) _ .
y Jy (ug+l)> 0 VO |y N
WoCl Vo wied )
wic  wicy +vo |

(10)

Thus, the Jacobian matrix Jy(x)) can be evaluated in this
recursive manner, until the convergence of Chambolle’s iter-
ation, summarized in Algorithm 1.

Algorithm 1: SURE evaluation for Chambolle’s denois-
ing algorithm

Input: y, A, «, 7, initial u®
Output: reconstructed X; and SURE(X})
fori = 1,2, ... (Chambolle’s iteration) do
1 compute x(@) by (6);
2 update Jy (x”)) by (10) and (11);
3 compute SURE of ith iterate by (7);
end

This algorithm enables us to solve the TV denoising prob-
lem with a prescribed value of A and simultaneously evaluate
the SURE during the Chambolle’s iterations.

2.3 Monte Carlo for practical computation

From (10)—(11), we can see that the Jacobian recursions
require the explicit matrix computations. However, for a typ-
ical image of size 256 x 256, the related matrices, e.g. WY 2
CY V@ and D, (s = 1, 2), are of size 2562 x 2562. Due to
the limited computational resources (e.g. RAM), it is imprac-
tical to explicitly store and compute such the huge matrices.
Thus, the Jacobian recursions cannot be computed in the
explicit matrix form of (10)—(11).
However, Monte Carlo simulation provides an alternative
way to compute the trace by the following fact [1]:
Tr (Jyx)) = E{nf Jyx)mo | (12)
— —
n)
with input white Gaussian noise ng ~ N(0, Iy), provided
that n{’ can be computed without explicit form of Jy (x).

Multiplying the input ng on both sides of (10)—(11), we
obtain:

nl(li]+l) (i)

ny, )
e e
@i+1) _ v (@) rP(i) @)
Jy u ny =YV J u np —3 Jy(X ng
i1 . . .
Jy u§l+ ) ny = V(z) Jy llél) ny _%Pél) Jy(X(l))no
;
pli+D o nd)
Muy uy

(13)
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and

JyxD)ng = ng + ADT Jy (u{")) no +DJ Jy (ug“) ng (14
— ——

(@) . ]

where P = (W’ + vO)D; + W'D, and P’
=W CPD; + WPCY + vO)D,.

By MC simulation, the Jacobian recursions of (10)—(11)
boil down to a simple noise evolution (13)—(14). We further
have three remarks to facilitate the SURE-MC computations.

— Ding, Dong, DlTn() and Dgno can be computed by simple
first-order differences.

— The diagonal matrix—vector multiplications ng)no, Cﬁi)
ny (s = 1,2) and V®¥ny are essentially simple compo-
nentwise products: there is no need to explicitly write out
the full diagonal matrices.

— For simplicity, we initialize u® = 0, and hence x© =
y. Thus, Jy(u©®) = 0 and Jy(x©) = I, which yields

nl(lo) =0and n,((o) = ny.

Thus, all the computations of (13)—(14) can be efficiently
performed by element-wise operations (e.g. scalar difference,
multiplication, etc). We are able to evaluate the SURE with-
out any explicit matrix computation, summarized as follows.

Algorithm 2: Monte Carlo counterpart of Algorithm 1

fori = 1,2, ... (Chambolle’s iteration) do
1 compute x) by (6);
2 compute ng), n{i) and n{’ by (13) and (14);
3 compute the trace of Jy(x¥) by (12);
4 compute SURE of ith iterate by (7);
end

To find the optimal value of A, we repeatedly implement
Algorithm 2 for various tentative values of A, and then, the
minimum SURE indicates the optimal A. This global search
has been frequently used in [18,23].

3 Recursive evaluation of SURE for TV
deconvolution
Following the similar procedure with Sect. 2, we now con-

sider the TV deconvolution problem, where the SURE also
requires to compute the solution X;, and its SURE.

3.1 Basic scheme of ADMM

To find X, we choose a typical alternating direction method
of multipliers (ADMM) for TV deconvolution [i.e. H being

@ Springer

convolution in (1)] [17,19]. By the variable splitting [17,19],
(2) is equivalent to the following problem:

1
mxin E”HX — y||§ +A-TV(z), st.z=x
which, by Lagrangian, becomes:
. 2 I 2
min §||Hx —y|;+2-TV@ + 5 |z —x|5

where p is an augmented Lagrangian penalty parameter. The
ADMM alternatively minimizes this functional w.r.t. both
variables x and z (iterate on i):

- arg ming %”HX — yH2 + %”X —z) ”;
N RN R

ie.

@ _ (gT 1T (i)
{x _(H H+,uI) (H y+pz ) (15)

20D = argmin, 5|z — x® ||§ +£.TV(2)

We found that the update of z(*) is essentially a TV denois-
ing problem: estimate a ‘denoised’ version of a ‘noisy’ image
x® Tt can be efficiently obtained by Chambolle’s algorithm
[2] (with the index j, for the fixed i)

wii- )

wlith — ) | g _ ITMD (x4 &DTUO,J‘)) (16)
"

2.4)
where diagonal block V@7 is given by:

—1

Vil = (1 + ITM\/ (D126:),)7 + (D22:)),)* + a)

When the Chambolle’s iteration (inner iterate on j)

reaches the final convergence, z0*! is updated as z( 1 =
(i,00)
z(:%°),

3.2 Jacobian recursion of ADMM

For the deconvolution problem, the SURE needs to compute
H~!in (5). However, it is observed that for the ill-conditioned
matrix H, the simple inversion H™! may cause numerical

3 We can see that the Chambolle’s iteration is readily incorporated into
ADMM, see Sect. 2.1 for details.
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instability of SURE [22]. Hence, we use the regularized
inverse Hgl to replace H™!:

Hy' = H'H+ D)~ 'H'

with a parameter §. The regularized SURE becomes:

o oy e
SURE = — (X[ = 2y"H; " + 20> Tr(H; "1, x ) )

1 2
ol a7
Refer to [18,22] for the similar treatment.

By the similar derivations with Sect. 2.2, we obtain the
Jacobian recursions for ADMM as:

Jy&xD) = @HH+uD " (HT + ply(z?))

Jy(u! (@, j+1)) _ V(i,j)Jy(ugi,j)) _ %Pgis]’)Jy(z(i,j)) |
Byl = Vg ) - e 0g iy Y
Jy@") =) + 4D y))

where P = (WD) 4 yiiyp, + wi) i p,
and Pg D W;’ J)C(’ J)D + (W(Z ])C(l ) 4 VD,
Here, Wil /)’ W;’ ), Cg’ ) and Cg /) are defined similarly
with Sect. 2.2.

3.3 Monte Carlo for SURE evaluation

Similar to Sect. 2.3, we adopt Monte Carlo to evaluate the
trace term of SURE as:

Tr(H/gTJy(x(i))) E nOH T3y xyng (19)
S————

n’

with input white Gaussian noise ng ~ N(0,Iy). Then,
multiplying ng on both sides of (18), we obtain the noise
evolution during ADMM:

(i) — B lHTn +/'LB l'l(l)
(z D _ yiigled) _ pleipGed

(1 J+D) (20)
ll2

— vy ])n(l »J) rP(i 2J) (i 7

n;i,j) — n,((i’j) + ADT (l J) + ADT (@.7)

1 Dy 2 My,

HTH + uI n{’ = Jy(x)ng and other noises
are similarly defined as n(').

The flowchart of the algorithm is shown in Fig. 1. Besides
from the three remarks mentioned in Sect. 2.3, we notice that
B~!, HT and Hgl can be computed by Fourier transform.
Thus, all computations of (20) can be performed without

any explicit matrix computations.

where B =

fffffffffffffff

input | 'given y and H:

| initial 20|
P Chambolle T i
H update x@ _L compute z()s E
: by (15) [+ by (16) |i '
! H i+ | |compute SURE] !
: , i by (19), (17) []
: update n? _:)compute n: v (19). (17) H
: by (20) E by (20) : ADMM .
: ADMM iteration by i :=i + 1 :

output | % ;ﬁa’s’ﬁk’éi

Fig. 1 SURE-MC evaluation for ADMM (Chambolle’s algorithm is
for obtaining z))

4 Experimental results and discussion
4.1 Experimental setting

The test dataset contains four 8-bit images of size 256 x 256
or 512 x 512 displayed in Fig. 2, covering a wide range of
natural images.

For both denoising and deconvolution, we always termi-
nate the iterative algorithms, when the relative error of the
objective value L(xD) in (2) is below 1072,

The restoration performance is measured by the peak
signal-to-noise ratio (PSNR), defined as (in dB) [20,22]:

2552
PSNR = 10 x logo ( ———5—
X —xoll5/N

We choose & = 10712 in the TV definition of (3) and set
the parameter t = 1/4 in (6), as suggested in [2].

4.2 Image denoising
4.2.1 SURE evaluation for Chambolle’s algorithm

First, we need to verify the accuracy of SURE w.r.t. MSE for
the Chambolle’s iteration. Figure 3 shows the convergence
of Chambolle and evolution of SURE, under the noise levels
of 2 = 1, 10 and 100, respectively. We can see that: (1)

(b)

Fig.2 Original test images: a Cameraman 256 x 256; b Coco 256 x
256; ¢ House 256 x 256;d Bridge 512 x 512

@ Springer
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(1) Cameraman, o* =1 (2) House, 0* = 10 3) Bridge, o* = 100
objective value of £(x) — converegence of Chambolle’s iteration

oxico o ¢ s
: —abectve value s —— cbjctvevale ] — objctve vaue
=== error of obj. value }, , Y -=== error of obj. value ===~ error of obj. value
] \ P! =5 o
] g ~. g g
2 Zhor o g g
g d g| = pot = ot
° ° °
: Ses o e e,
£ 2 = Ses 8_,]@:
g e & &
g e : :
: £ ' 5 e kP =
3 < Fles g £ 2]
-3 R =2
! il dies Ties
i T LI = B

B &
teration number

evolutions of SURE and MSE of x() during Chambolle’s iteration

100 ~-MSE ° [F~-MsE o
o SURE =—SuR

H 3 & 2]
teration number teration number

H

H

g ¢
MSE/SURE

MSE/SURE
MSE/SURE

H

SUR

E) 7

3 H 1o 2 15

H 3 H H ) ) &
iteration number iteration number iteration number

Fig.3 The convergence of Chambolle and evolution of SURE for fixed
AMA=01L2Qr=1;3)1=10

(1) Cameraman, 0® =1

| l=——suré|

(2) House, 0> = 10

~--MSE
SURE

(3) Bridge, o = 100

20

H

3

12} = 12}

o o «

Sie Sre 5

Ly opt A =021 by SURE min. [ % | opt. A = 1.39 by SURE minf  £.%] opt. A = 4.29 B SURE min.
%] opt. A= 0.21 by MSE min. @] opt. A =1.39 by MSE min, % | opt. A =4.29 byISE min.
=8 = =

1 01 1
regularization parameter 2 regularization parameter

Fig.4 The global optimization of A for TV denoising by Chambolle’s
algorithm

(1) Cameraman, o = 100 (2) House, o® =10 (3) Bridge, 0* = 1000
objective value of £(x?) — converegence of Chambolle’s iteration

—objective valve 1 v —objectivevalve 1 — objective vaiue |’

- erorofob.value | <=+ erorof o, value === ermor of obj, value
g b1

=

objective value
—
“[qo jo 10410
objective value

iigea (qo jo fouso

Eititea fqo jo apu

Hldtgen

E) B

3]

E) o L)
toration number teration number ieration number

update of A\ during Chambolle’s iteration

A — 8.37 ! A — 2,49 w AD = 2955

update of A
update of A

<
k]
2
]
]
&
=

20 50 EY BT

E) o )
iteralion number” iteration nurmber itration number

Fig. 5 The convergence of Chambolle with the parameter update by
discrepancy principle

the objective value keeps decreasing until convergence; (2)
SURE is always close to MSE during the iterations.

noisy images
PSNR=28.13dB PSNR=18.13dB PSNR=18.13dB

/

PSNR=28.13dB

enoised images b;

d SURE
PSNR=32.72dB ~ PSNR=36.19dB PSNR=29.20dB

Fig. 6 Examples of visual comparisons: (1) Cameraman, > = 100;
(2) Coco, % = 100; (3) House, o2 = 1000; (4) Bridge, a2 = 1000

We repeatedly implement the algorithm for various val-
ues of A and obtain Fig. 4, where the optimal X is easy to
recognize.

4.2.2 Comparisons with discrepancy principle

Discrepancy principle (DP) believes that a good value of 1
should satisfy the discrepancy condition ||y — X, ||§ = No?2,
according to the observation model (1) [8]. The original
Chambolle’s algorithm applied DP to update the parameter
A during iterations as [2]:

No? L)
ly —x@3
which finally satisfies the discrepancy condition when con-
verged. Figure 5 shows a few examples of the parameter
update by DP.

Table 1 shows the complete comparisons between the pro-
posed SURE-based method and discrepancy principle. Here,
‘DP’ denotes discrepancy principle. The format of this table
is %I%RA’ where the upper value is the selected value of A by
DP/SURE/MSE and the lower one is its resultant denoising
PSNR (in dB) using the corresponding A. The symbol ‘-’

Table 1 The complete
. P o? 1 10 100 1000 1 10 100 1000
comparisons of selected value of
A and denoising PSNR between Image Cameraman House
DP and SURE
DP [2] 0.64 2.32 8.37 31.21 0.67 242 9.97 _
46.97 39.11 32.05 26.23 77.01 39.54 33.89
SURE 0.21 115 5.70 2336 0.19 1.26 6.87 29.76
4872 40.22 3274 26.61 4874 40.50 3435 29.20
MSE 0.21 1.26 5.70 23.36 0.21 1.39 6.87 29.76
1872 70.23 32.74 26.61 1875 4030 34335 29.20
Image Coco Bridge
DP[2] 0.73 3.25 13.78 _ 0.64 2.19 7.83 29.55
771 4125 35.15 45.83 36.95 29.52 24.27
SURE 0.28 2.02 7.54 29.76 0.11 0.72 4.29 2034
29.13 .02 36.19 30.62 1825 38.76 30.60 24.76
MSE 0.28 1.84 8.29 29.76 0.10 0.72 4.29 20.23
9.13 2.04 36.21 30.62 4825 38.76 30.60 24.76

@ Springer
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(1) Cameraman (2) Coco (3) Bridge
Rational, BSNR=40dB Uniform, BSNR=30dB Gaussian, BSNR=10dB
objective value of £(x)) — converegence of ADMM

120000

004007
—— objective value T

--- error of obj. value
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—— objective value
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evolutions of SURE and MSE of x() during ADMM iteration
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MSE/SURE
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EIE)
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iteration number
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Fig.7 The convergence of ADMM and evolution of SURE for fixed A:

MHr=01,2r=1,3x1=10

(1) Cameraman
Rational, BSNR=40dB

SURE|

0.0168 by SURE mln
).0146 by MSE 1

. (2) Coco (3) Bn'diz{e
Uniform, BSNR=30dB Gaussian, BSNR=10dB
- -MSE
A =0.0672 by
RURE and MSE min.

]
g 8

/SURE

MSE/SURE

I\ISE/SUR,E
s 2 8

I\:iSE

regularization parameter £

3]
regularization parameter .

(5]
regularization parameter 2

Fig.8 The global optimization of A for TV deconvolution by ADMM

Cameraman

3) Bridge
Sepa(la)ble BSNR=30dB Gaussiz(ng BSN‘ilizl(]dB

. (Z)BCoco
Uniform, BSNR=20dB

AD —0.13.
N
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-~ update of 1
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-~ update of 1
& 3

—— objective valTe:
-~ update of &

Heration number

E) E)

I )
iteration number ieration number

Fig.9 The parameter update for TV deconvolution by DP [10]

indicates that the method fails to find an optimal A for this
case. The MSE is not accessible in practice and thus shown
in italics. It is the comparison benchmark, indicating the best
PSNR performance we can achieve. We can see that com-
pared to the MSE minimization, the PSNR by DP is worse
than optimal PSNR by 1dB in average, whereas the SURE
minimization yields negligible PSNR loss (within 0.02dB).
Figure 6 shows a number of visual examples.

4.3 Image deconvolution
4.3.1 Experimental setting

For deconvolution problem, we consider the following
benchmark convolution kernels commonly used in [10,22]:
Rational filter h(i, j) =
i,j=-7,...,7,
Separable filter S x 5 filter with weights [1,4, 6,4, 1]
/16 along both horizontal and vertical directions;

9 x 9 uniform blur;

C-(1+i%+ j57! for

i2+j2
252

Gaussian kernel h(i, j)
s = 2.0.

C-exp(— ) with

where C is a normalization factor, s.t. Zi’j h(, j) = 1.0.
The blurred images are subsequently contaminated by i.i.d
Gaussian noise with various variance o2, corresponding to
blur signal-to-noise ratio (BSNR) being 40, 30, 20 and 10dB,
respectively, where the BSNR is defined as (in dB) [20]:

Table2 The selected A and

corresponding PSNR by DP and Blur kernel Rational filtering Separable filtering
SURE (rational and separable BSNR (in dB) 40 30 20 10 40 30 20 10
filtering)
Cameraman
DP [10] 0.05 0.20 0.54 0.18 0.12 0.51 4.90 2.15
31.35 27.84 24.64 19.81 30.55 28.81 26.85 23.69
SURE 0.01 0.05 0.28 3.59 0.01 0.10 0.60 3.60
3275 2826 24.99 2258 31.44 29.44 27.10 2431
MSE 0.02 0.06 0.36 4.64 0.02 0.10 0.77 3.60
32.81 2831 25.05 22.59 31.49 29.44 27.13 24.31
Coco
DP [10] 0.21 0.48 1.64 4.83 0.96 1.42 3.70 6.82
38.59 35.76 31.62 28.30 40.37 38.03 3336 3178
SURE 0.04 0.08 0.77 5.99 0.02 0.10 0.61 7.74
39.92 36.13 32.50 28.73 41.30 38.58 34.98 32.06
MSE 0.03 0.11 0.60 3.59 0.04 0.12 0.72 7.74
39.95 36.35 32.55 28.89 41.35 38.70 35.23 32.06
House
DP [10] 0.08 0.29 1.03 2.77 0.36 0.75 2.57 4.74
35.83 3339 29.81 27.03 36.33 34.47 3243 29.01
SURE 0.02 0.11 0.60 3.59 0.01 0.07 1.29 12.92
37.05 3379 30.64 27.00 37.55 3542 3291 29.80
MSE 0.02 0.08 0.60 2.78 0.01 0.10 1.29 11.57
37.14 33.81 30.64 27.03 37.56 35.55 32.91 30.00
Bridge
DP [10] 0.03 0.15 0.34 0.18 0.06 0.34 1.09 9.24
30.00 26.97 2475 20.61 29.42 28.00 26.38 2433
SURE 0.01 0.05 0.17 1.67 0.007 0.06 0.36 3.59
31.05 27.57 24.90 22.54 30.16 28.58 26.71 2449
MSE 0.008 0.05 0.22 2.78 0.007 0.06 0.46 3.59
31.06 27.57 24.97 2272 30.16 28.58 26.74 24.49
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Table 3 The selected A and

. Blur kernel 9 x 9 uniform Gaussian kernel
corresponding PSNR by DP and
SURE (uniform and Gaussian BSNR (in dB) 40 30 20 10 40 30 20 10
blurs)
Cameraman
DP [10] 0.03 0.002 0.007 0.01 0.05 0.007 0.02 0.12
28.04 24.44 22.46 19.22 26.06 24.67 2332 19.89
SURE 0.01 0.08 0.11 7.74 0.01 0.11 0.28 278
28.42 25.44 22.98 21.29 26.08 25.02 23.86 22.57
MSE 0.01 0.08 0.17 2.78 0.01 0.08 0.46 4.64
28.43 25.44 23.02 2143 26.09 25.06 23.87 22.67
Coco
DP [10] 0.10 0.34 1.66 0.05 0.12 0.47 0.07 0.14
35.47 32.94 2835 23.62 35.26 33.01 29.96 23.94
SURE 0.02 0.08 0.60 278 0.01 0.06 0.60 5.99
36.54 33.54 30.02 27.46 35.36 33.60 31.67 29.29
MSE 0.01 0.10 0.60 2.15 0.03 0.10 0.77 4.64
36.61 33.59 30.02 27.46 35.63 33.74 31.68 29.34
House
DP [10] 0.04 0.006 0.02 0.02 0.08 0.34 0.03 0.12
34.66 29.52 26.74 2275 3244 30.54 2823 23.45
SURE 0.008 0.08 0.77 2.15 0.01 0.08 0.77 2.15
35.04 32.05 28.41 25.41 32.59 31.27 29.62 27.30
MSE 0.01 0.08 0.46 1.67 0.03 0.10 0.77 2.15
35.10 32.05 28.52 25.45 32.82 31.34 29.62 27.42
Bridge
DP [10] 0.02 0.32 0.007 0.01 0.03 0.008 0.02 0.13
26.80 25.07 22.99 20.01 25.66 2485 23.70 19.36
SURE 0.006 0.03 0.17 1.29 0.002 0.02 0.17 1.67
2725 2525 23.40 21.76 25.99 25.09 24.03 22.70
MSE 0.005 0.03 0.13 1.67 0.002 0.01 0.17 2.78
27.26 25.25 23.42 21.80 25.99 25.10 24.03 22.81

observed images
PSNR=26.33dB

PSNR=29.59dB

 PSNR=22.25dB

PSNR=20.49dB

deconvolved images by DP
PSNR=32.94dB SNR=32.43dB

PSNR=19.36dB

PSNR=31.35dB

SURE
SNR=32.91dB

deconvolved images b
PSNR

PSNR=33.54dB

Fig. 10 Examples of visual comparisons: (1) Cameraman, rational,
BSNR =40dB; (2) Coco, uniform, BSNR =30dB; (3) House, sepa-
rable, BSNR =20dB; (4) Bridge, Gaussian, BSNR = 10dB

||HX() — mean(Hxg) ||§

BSNR = 10 x log;, No?
o

The deconvolution performance is also measured by PSNR.
In addition, we always choose the parameters u = 0.10>
and g = 107°.

@ Springer

4.3.2 SURE evaluation for ADMM

First, we implement the procedure shown in Fig. 1, i.e. apply
ADMM to solve (2) with fixed A, and evaluate the SURE.
Figure 7 shows the convergence of ADMM and the evolution
of SURE. Figure 8 shows the global optimization of A.

4.3.3 Comparisons with discrepancy principle

Similar to [2], the DP has also been adopted to the deconvo-
lution problem, for example, the i-LET method updated the
parameter A by the following rule:

No?

S+ —
N2
lly — Hx®[|3

2@

in £1-based sparse deconvolution [10]. We use this equation
to update A in TV deconvolution and obtain Fig. 9.

Tables 2 and 3 show the comparisons between the pro-
posed SURE and DP. The format is the same as Table 1. We
can see that compared to the best PSNR results obtained by
MSE minimization, the PSNR by DP is worse than optimal
PSNR by 1-3dB in average, whereas the SURE minimiza-
tion yields negligible PSNR loss (at most 0.20dB). Figure 10
shows a number of visual examples, where we can see the
better visual quality by SURE than by DP*

4 1t is better to recognize the visual difference by zoom-in on larger
screen.
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5 Conclusions

In this paper, we presented a SURE-based method for
automatically tuning regularization parameter for TV-based
recovery. In particular, we proposed a recursive evaluation
and Monte Carlo simulation for the practical computation.
Numerical results showed the superior performance of SURE
to other criteria for parameter selection, e.g. discrepancy
principle.

This proposed method, in principle, can be extended
to more complicated (possibly non-convex) regularizers
[13,18,23]. Future work will also deal with the SURE-
based multiple parameter selection and faster optimization
of SURE, to accelerate the global search used here.
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